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The parameters of a narrow small-scale plastic zone in an elastoplastic piece-wise homogeneous body

undergoing a shear near the tip of an interfacial crack are calculated under plane strain conditions using

the Wiener-Hopf method. Crack faces are in contact with friction. The plastic zone issuing out of the

crack tip at an angle to a plane interface between media is modeled as the straight line of a displacement

discontinuity involving two sections. Both tangential and normal displacements undergo the

discontinuity at the section adjacent to the crack tip that models material destruction area. At the other

section, only the tangential displacement experiences the discontinuity. The angle between the plastic

zone and interface between the media is defined from the condition that the rate of energy dissipation in

the zone is maximal. The sizes of the entire plastic zone, destruction zone and shear opening

displacement of the crack in its tip are determined. It is studied how the friction of the crack faces, load,

and the mechanical characteristics of the material influence on the parameters of the plastic zone and

stress-strain state in the vicinity of the crack tip.
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Introduction. The stress concentration near a crack tip in quasi-brittle and plastic materials causes an origin of plastic

zone in the body, which strongly influences on its stress-strain state (SSS). If the crack lies at interface between dissimilar

materials, appear additional factors which should be allowed for in the SSS calculations.Moreover, if a piece-wise homogeneous

body with an interfacial crack is acted upon by shear load, the crack faces near one of the crack tips are in contact which covers

the area whose sizes are close to the crack length. This phenomenon is described within the framework of the Comninou contact

model of an interfacial crack [7, 8] developed in [1, 4, 9, 14, 15, 21, 28, 33]. At that, the contact of the crack faces does not

eliminate stress concentration in the tip vicinity and formation of the plastic zone.

To calculate the parameters of the plastic zone near the tip of an interfacial crack is difficult mathematical problem

which is solved mainly by numerical methods. So, Shih and Asaro, using the finite element method numerically have calculated

an elastoplastic field under small-scale yielding near the tip of open crack at interface between elastoplastic and linear elastic

materials undergoing the action of mixed external loading [35]. It is revealed that the plastic zone elongates mainly with the

increasing load in the direction of the resulting vector of external forces. Also it is established that the contact zone formed need

not be adjacent to the crack tip. Besides, the finite element method is involved by Aravas and Sharma in solving the problem on

the plastic zone near the crack tip arranged at interface between an elastoplastic material and a rigid pillow. It is assumed that the

crack faces contact without friction, while the external tensile load is applied under the plane strain state [2] and the plane stress

state [3]. Furthermore, the deformation of the nonlinearly reinforced elastoplastic material is described by the Ramberg–Osgood

equation of the deformation plasticity theory. The results obtained have demonstrated that the stresses differ from those found in

elastic solving with the Comninou model. It is established that the small-scale plastic zone adjoins to the contacting section of
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faces and elongates along the interface. In [30], Nakatani et al. using the continual theory with slip lines and the discrete

dislocation plasticity theory have studied numerically, under the plane strain state, the small-scale yielding near the tip of a

stationary crack at interface between a plastic monocrystal and rigid material. It is revealed that in this case two slip bands are

formed, which under the two-axial tension propagate beginning from the crack tip both at an acute and a blunt angle to the

interface.

The experimental investigations of fracture processes in solids have shown that the plastic zone directly near a crack tip

includes the small area of destructed material with a very high level of strains [17, 24, 25]. This factor should be allowed for also

in studying the SSS near the tip of the interfacial crack. One way to solve the problem is adaptation to its purposes of basic

regulations of the complex model of the interfacial crack developed for studying a prefracture zone in a less crack-resistant

composite material [19, 23]. Here, the prefracture zone is modeled as a line of displacement discontinuity that consists of two

sections. In the first section, the prefracture zone is modeled as a segment with discontinuity of normal displacement. To model

the destruction zone, it is necessary to include in the section of the segment adjacent to the crack tip the discontinuity of the

tangential displacement.

The purpose of the present work is to develop the model of a plastic zone at the end of the interfacial crack with

contacting faces at the initial stage of propagation of this zone when its length is considerably lesser than that of the contact area.

By analogy with the complex model of the interfacial crack [19, 23], it is assumed that the zone develops in two stages. At the

first stage, once the body has been loaded and the contact zone forms, narrow plastic zone origins in softer composite material.

Since its formation does not exclude stress concentration near the crack tip, this leads to formation at the other stage of

propagation of an area with increased strains known as the destruction area. To determine the parameters of the area under the

plane strain condition, the Dugdale model [11] and the Leonov–Panasyuk model [27] will be used and the two following

problems will be solved.

In the first problem, we calculate, using the Wiener-Hopf method, the parameters of the initial plastic zone. It will be

modeled as the lateral line of discontinuity of the tangential displacement issuing out from the tip of the interfacial crack whose

faces interact in accordance with the dry friction law.Wewill allow for loading conditions and body configuration in terms of the

stress intensity factor at the crack tip which is assumed to be known. To define orientation of the plastic zone, we will use the

condition by which the energy dissipation rate in the zone is maximal [5]. The results obtained will be involved in solving the

second problem on the destruction area which is modeled by the additional discontinuity of the normal displacement in the

section of the plastic zone adjacent to the crack tip.

The results of numerical calculations of the parameters of plastic zone with the intrinsic destruction zone in the partial

case of a piecewise homogeneous plane with the interfacial crack of finite length loaded at infinity by homogeneous shear load

will be presented in conclusion.

1. Determination of the Parameters of an Initial Plastic Zone. Consider a problem on the initial stage of

development of a plastic zone from the crack tip, which is arranged in a piece-wise homogeneous body at a plane interface

between two dissimilar isotropic elastoplastic materials acted upon by shear load. Shear moduli and Poisson’s ratios of the

materials areG
1
,G

2
and� �

1 2
, , respectively. At this stage a narrow band-like plastic zone origins near the tip in thematerial with

elastic constants G
1
and �

1
. It is assumed that this material is more plastic, while both materials demonstrate linear elasticity

everywhere but with the exception of the plasticity zone.

We will model the plastic zone by a straight line of discontinuity of a tangential displacement [34]. The line issues out

from the crack tip at an angle � to the interface between materials. In accordance with the Tresca-Saint-Venant plastic criterion,

the shear stress takes the value of the yield point of the first material �
1s
.

It should be noted that the Comninou model assumes presence near the opposite crack tips of different in sizes both

large and very small areas with contacting faces. For the sake of definiteness, wewill adopt thatG G
1 2
� , while the shear load �

xy

acts in the direction as in Fig. 1. Then, according to [1, 7, 9, 14, 33], the length s of the contact zone near the crack tip O will be

commensurable with the crack length L and considerably larger (at a sufficient level of a load) than the length l of the plastic zone

at the initial stage of the development studied. In the case of an oppositely directed shear load, the sizes of the contact zone near

the tip O will be extremely small. At that, we will arrive at the problem on the small-scale plastic zone near the tip of an open

interfacial crack solved in [18].

Note that determination of the parameters of the plastic zone can be restricted by studying its SSS only in vicinity. Then,

we will consider the problem for a piece-wise homogeneous isotropic plane with a semi-infinite interface crack, whose

contacting faces interact in accordance with the dry friction law, as the solution of the respective boundary-value elasticity
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problem. The plane includes also the finite-length line of the tangential displacement discontinuity, which issues out from the

crack tip into the first material at an angle of � to the interface between the materials. Involving the Prandtl method of joining

asymptotic expansions [31], we formulate the condition at infinity as demand to join at the distances l r s�� �� of the searched

problem solution, shown in Fig. 1, with the solution of the similar elasticity problem on the interfacial crack with a contact zone

near its tip when the lateral discontinuity line is absent. Such solution is presented in [1, 7, 9, 33]. As a result, we arrive at a static

elasticity problem with following boundary conditions (Fig. 1):
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where � 	f is the discontinuity in the value of f; � � �
1 1
�

s II
k Fsgn( ( )),
 is the coefficient of friction between the crack faces;� is

the so called second Dundurs parameter [12], which represents the measure of difference in elastic properties of joined materials

| |� �0.5, �is the real root of an equationcot �� 
�� � 0at the interval (–1, 0), which indicates the stress singularity near the tip of a

crack with contacting faces. If the upper material shifts in the direction � �� (Fig. 1), the friction coefficient becomes negative.

The stress intensity factor k
II
at the end of the interfacial crack depends on configuration of the body under consideration and of

the applied load given by the condition. To provide a compressive stress on the crack faces in the contacting zone � � 

�

� �, 0,

the factor k
II

must meet the condition �k
II
� 0[26].

In accordance with the general regulations, which refer to the behavior of the stresses near angular points in elastic

bodies [6], at the end O� of the discontinuity line the asymptotic is realized. It represents the asymptotic solution of a

homogeneous elasticity problem for a plane with a semi-infinite line of discontinuity of the tangential displacement. In

particular, the following asymptotics are valid:
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where k is the stress intensity factor at the end of the discontinuity line. Its value is defined during problem solving.

We will search for the solution of the boundary-value problem (1)–(4) as the sum of solutions of two following

problems. The first one differs from it in that in (2) instead of the first condition, we believe that

� �� , r l� , � � �
�

�

r II
k F r� �

1
( ) , (5)

while at infinity stresses decay as o(1/r). The second problem is analogical to that one without the discontinuity line, whose

solution is known [1, 7, 9, 33]. Because of this, it is sufficient to solve the first problem.

Having applied to the equilibrium equations the condition of strains consistency, Hooke’s law, the boundary conditions

(1), the Mellin integral transformation [36], with allowance for the second condition (2) and condition (5) we arrive at the

Wiener-Hopf functional equation of the first problem on the interval � � �� �
1 2

Re p ( ,� �
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are the sufficiently small positive

numbers):
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factorization is valid according to formula [13]
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where /( )z is the Euler gamma-function. In this case equation (6) becomes
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The function appearing in the left side of (7) is analytical in the half-plane Re p � 0, while the function appearing in the

right side is analytical in the plane Re p � 0. Then, in accordance with the principle of analytical continuation, a unified function

analytical over the whole plane of the complex variable p equal to the left and right sides of equality (7) must be presented in the

respective half-planes. To determine the function, applying the Abel-type theorem [32] to asymptotics (4), we obtain:
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With (9), we find the asymptotic
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Comparing it with (8), we determine the stress intensity factor at the end of the discontinuity line:
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Equating the right side of expression (10) to zero and allowing for the fact that the value of stresses at the end of the

plastic zone is finite, we arrive at the expression for its length
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To determine the orientation of the initial plastic zone, we will employ the criterion of maximal energy dissipation rate

in the zone. To this end, we define the value of the energy dissipation, which within the framework of the chosen model in

accordance with [5] and formula for transform �
�
( )1 in (6) is written as
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Substituting solution (9) of theWiener–Hopf equation of the problem in this expression, with (11), we get the following

formula for the rate of the energy dissipation in the zone:
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Having assumed that k
II

is either a positive increasing or negative decreasing time function, we arrive at the condition

w( ) max� � , which will be used in calculating the angle of inclination of the plastic zone.

According to (11), the length of the plastic zone increases nonlinearly with the increase of the external load, which

enters linearly in the stress intensity factor k
II
. Besides, the greater is length of the plastic zone, the less is the yield point �

1s
of

material in which the plastic zone develops.

Using (9) and the reverseMellin transformation, we define the stress field near the crack tip which has changed once the

plastic zone has been formed. In particular, the normal stress at the discontinuation line which is in need to determine the

destruction area is:
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where �
i
are the roots of the equation

D x
1

1 0( )� � � , (14)

which meets condition Re�
i
� �1.

At the first stage of the development of the plastic zone, when the destruction area is yet absent, the crack opening

development at its tip according to boundary conditions � � 	 �u r
�

�( , ) 0, � 	 �u r
�

�( , ) 0appearing in (1) is equal to zero. For this

reason, in accordance with the deformation fracture criterion, the origin of the plastic zone does not influence directly on the

crack starting.

2. Determining Parameters of Destruction Area. As it follows from the numerical calculations, equation (14) has

roots on the interval � � �1 0Re x . This indicates that the stress concentration at the crack tip is kept. The experimental studies

[17, 24, 25] make it possible to assume the following propagation of the plastic zone by the way of formation within it the area of

material destruction with high level both shear and tearing strains. In accordance with the complex model of the interfacial crack

[19, 23], we will model the destruction area by the line of length d. On this line, the tangential and normal displacements

experience discontinuity, while the normal stress is equal to tearing one 

1
.

With [17, 24, 25], we can assume that the length of the destruction area is much smaller than the length of the plastic

zone whole. This makes it possible to consider the body being studied as the piece-wise homogeneous plane with a semi-infinite

interfacial crack with faces contacting by the law of dry friction. From the crack tipO a semi-infinite straight discontinuation line

issues out at an angle of � to the interface. The line consists of two sections (Fig. 2). On the sectionOO; adjacent to the crack tip,

the tangential and normal displacements experience discontinuity, while the tangential and normal stresses are equal to �
1
and



1
, respectively. On the other section, only the tangential displacement experiences discontinuity, while the tangential stress is

equal to �
1
. The present model is consistent with the static elasticity problem with boundary conditions

� � 0, � 	 � � 	 �
 �
� �r

0, � 	 � � 	 �u u
r�

0,

� �� � , � 	 � � 	 �
 �
� �r

0, � 	 �u
�

0, � 


� �r
� � ,
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�r
�

1
, (15)
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1
, � �� , r d� , � 	 �u

�
0. (16)

At r��, the main terms of stress expansion into asymptotic series coincide with the main terms of expansions into

asymptotic series at r� 0 in the problem shown in Fig. 1. Note that it was solved earlier. So, with (13), we have
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, l is the length of the whole plastic zone found previously; �
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are the roots of equation (14) on the interval
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It is assumed that at the stage of the development of the plastic zone when the destruction area being absent yet, the

normal stress near the crack tip at � �� is tensile, i.e., 

�
� 0.

At the end Î" of the destruction area, the root singularity holds:
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where K is the stress intensity factor which is determined during the problem solving.

Using the Mellin integral transformation, we reduce the solution of the boundary-value problem (15)–(18) to the

functional Wiener–Hopf equation
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where <
1
and <

2
are the sufficiently small positive numbers. The solution of equation (19) obtained in the previous part of the

present paper by analogy with the solution of equation (6) has the following form:
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Applying the Abel-type theorem [33] to asymptotic (18), with solution (20), we find by analogy with (10) the stress

intensity factor at the end ÎÎ" of the discontinuity line:
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Equating K to zero, we arrive at the transcendental equation for calculating the length of the destruction area:
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With origin of the destruction area, the SSS near the crack tip changes which is now characterized by the indicator of the

stress singularity �
d1

which is determined as the root of the equation least from the interval (–1, 0):

D x
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1 0( )� � � . (22)

If the crack opening displacement at the crack tip as well as the destruction area are absent, the origin of the destruction

area leads to the nonzero shear displacement of the faces � � � 	
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at the tip. The displacement due to the jump of the
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�
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� � 	u ( , ) / sin0 . The last one can be defined using its relation
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Using (20) and condition K = 0, we obtain
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The shear of faces � affects the general crack opening displacement and must be taken in account in studying the

conditions at which the crack starts.

3. Numerical Analysis of Parameters of Initial Plastic Zone. As it follows from the previous consideration, the

parameters of the small-scale plastic zone and the destruction zone are completely determined by mechanical characteristics of

joined materials and the stress intensity factor k
II
, which can be found separately for the piece-wise homogeneous bodies of

corresponding structure as well of the value and kind of external loading either by numerical or analytical solving the

boundary-value elasticity problem. Since the last action is not the aim of the present work, to demonstrate the application of the

above solution of the problem on the plastic zone and with the aim to analyze its consequences, we will use the results from [33]

related to the investigation of a contact zone at the tip of the internal interfacial crack of the length L in the piece-wise

homogeneous plane loaded at infinity by a constant tangential force q q
xy

(� � � at x y
2 2
� ��, Fig. 1).

With the calculations by formula (12), the energy dissipation maximal rate criterion leads to two values of the angle of

inclination of an initial plastic zone. One of the angles is blunt and corresponds to the rotation of the zone in the direction of the

applied load, while other one is equal to zero and specifies the propagation of the zone along the interface. This agrees with the

results of numerical modeling of plastic zones near the tips of interfacial cracks presented in [2, 3, 35] as well as with the

presence of two extremums in the angular dependency of the tangential stress (3). Since the problem on the plastic zone along the

interface within the framework of the complex model of the interfacial crack has boundary conditions slightly differing from

(1)–(4), we will restrict our consideration to the zone with the inclination angle beyond zero. It should be noted that the

sufficiently great number of publications (for example, [16, 20, 29]) is devoted to studying the plastic zones on the interface

within the framework of various models.

The calculated parameters of the plastic zone (it is the angle of inclination � to the interface between materials, the

relative lengths s/L of the contact zone, the lengths l/L and d/L of the whole zone and of the destruction zone) are collected in a

Table for some ratios of shear moduli G
1
/G

2
of the joined materials with similar Poisson’s ratios � �

1 2
� � 0.3, a number of

values of friction coefficients 
, yield points �
1 1

01
s

G� . , and external load q = 0.02G
1
. In calculating the parameters of the

destruction area, the rupture strength of the first material was adopted as 

1 1

2� G . The input parameters were chosen in such a

way that the conditions d l s�� �� and 
 �cot �1, accepted in the model being studied, would be met.

According to the calculations, the length of the whole plastic zone at small ratios of shear moduliG G
1 2
/ in the accepted

loading conditions decreases. If the values of G
1
and G

2
are close, it increases with the friction between the crack faces as

distinguished from the length of the destruction area, which increases with friction at any values ofG G
1 2

1/ � . As it turned out,

the length of the plastic zone is two orders of magnitude fewer than that of the contact zone, while the length of the destruction

area occurs in turn two order less than the length of the whole zone. Because of this, the application of the above model under

sufficiently low loads is fully justified.

At small ratios ofG G
1 2
/ , the angle of inclination of the plastic zone decreases with increasing the friction, while at

close values ofG
1
andG

2
it increases. According to (12), the value of the load applied to the piece-wise homogeneous body with

the interfacial crack does not affect the orientation of the zone, which by this means depends only on the elastic characteristics of

composite materials and the coefficient of friction between the crack faces. Because the angle of inclination of the plastic zone is

independent of the external loading, the results obtained differ from the similar study, which has been carried out within the

framework of the open interfacial crack model [18]. Besides, the values of the angle of inclination of the zone at the end of the

crack calculated in [18] without allowance for the contact of faces under the condition of pure shear are close to those found in the

present work.

The table summarizes the values of the singularity level of stresses at the crack tip down to �once the initial plastic zone

�
1
and the destruction area �

d1
have been formed. The comparison �and �

1
shows that the origin of the initial plastic zone leads

to increase of the stress concentration in the vicinity of the tips � �
1
� . As a result, the following propagation of the plastic zone

continues with formation of the destruction zone. But this does not remove the stress concentration and causes only its slight

decreasing in comparison with the initial level. So, the least root �
d1

in (22) from the interval (–1, 0) is slightly larger than the

singularity level �before the formation of both zones � �
d1
� . For this reason the propagation of the plastic zone continues with

the formation of new zones, in particular, the above plastic zone along the interface.

Sizes of the area within which the crack faces are in contact under a given type of loading are independent of its modulus

[1, 9, 33]. At the same time, the length of the plastic zone increases with the shear stress to the yield point q
s

� � and approaches

(in order of the value) the length of the contact area. In Fig. 3 the solid lines refer toG G
1 2
/ �0.1, dotted ones refer to G

1
/G

2
=
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0.9, �
1 1

01
s

G� . , 

1 1

2� G ,
 �–0.2). In this case the outlet condition of the model concerning the small scale of the zone l s�� is

disrupted. At the same time, we can see how the plastic and contact zones interact. This can be studied within the framework of

the complexmodel of the interfacial crack in the sameway as in [10]. On the contrary, with allowance for the conditions accepted

in constructing Fig. 3, the inequality d l�� appearing in the model being considered is kept. At that time according to (21), the

ratio in sizes of the plastic and destruction zones is independent of the load value if d l/ .� 00107atG G
1 2
/ �0.1 and d l/ .� 00147

atG G
1 2
/ � 0.9.

Proportions between the sizes of the plastic and destruction zones depend considerably not only on the ratio of shear

moduli of joined materials but on the ratio between values of the yield point and rupture stress of the material in which the zones

propagate. Figure 4 shows how the value of d l/ depends on the rupture stress value atG G
1 2
/ �0.1 (solid lines) and forG G

1 2
/ �

0.9 (dotted lines),
 �–0.2 at constant load q
s

� 02
1

. � . In accordance with Fig. 4, the larger the ratio d l/ , the less the rupture stress

or the larger the yield point. This can lead to the disruption of the condition d l�� , which corresponds to the case with the

destruction zone being fewer the plastic one. In this case, the material can be considered as quasi-brittle one and the more

complex strength criterion should be employed against the above used Tresca–Saint-Venant one-parametric plasticity criterion.

As an alternative for the above model, in the case of a quasi-brittle material we can use model [22] of a prefracture zone near the

tip of a completely open interfacial crack. The model is based on the employment of the Mises–Hill-type quadratic strength

criterion with the yield point and rupture stress as criterion parameters.

As shown in Fig. 3, the d l/ ratio for the fixed characteristics of the materials is constant and independent of the acting

loads. Because of this, according to (23), the shear displacement �of the crack faces at its tip is directly proportional to the length
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TABLE

G G
1 2
/ 
 0 –0.1 –0.2 –0.3 –0.4 –0.5

0.1

�, deg 127.4 126.8 126.2 125.8 125.3 125.0

s L/ 0.3098 0.3133 0.3168 0.3203 0.3239 0.3276

l L/ 8.347�10
–3

7.987�10
–3

7.646�10
–3

7.319�10
–3

7.008�10
–3

6.714�10
–3

d L/ 6.998�10
–5

7.597�10
–5

8.699�10
–5

8.739�10
–5

9.289�10
–5

9.831�10
–5

� –0.5 –0.4926 –0.4851 –0.4777 –0.4703 –0.4630

�1
–0.6575 –0.6739 –0.6900 –0.7064 –0.7222 –0.7386

�d1
–0.4153 –0.4148 –0.4143 –0.4140 –0.4135 –0.4132

0.9

�, deg 127.8 128.2 128.6 129.1 129.8 130.7

s L/ 0.3052 0.3054 0.3056 0.3059 0.3061 0.3063

l L/ 6.774�10
–3

6.809�10
–3

6.849�10
–3

6.891�10
–3

6.933�10
–3

6.977�10
–3

d L/ 7.553�10
–5

8.747�10
–5

1.006�10
–4

1.152�10
–4

1.317�10
–4

1.509�10
–4

� –0.5 –0.4995 –0.4990 –0.4986 –0.4981 –0.4976

�1
–0.7117 –0.7296 –0.7478 –0.7668 –0.7873 –0.8100

�d1
–0.4963 –0.4963 –0.4964 –0.4965 –0.4966 –0.4967



of the destruction zone and nonlinearly increases with the applied load. This makes it possible to assume that the crack may start

due to the breakage of interparticle bonds in the destruction zone and to determine the limiting load by one or other strain

criterion.

Conclusions.Within the framework of the complex model of the interfacial crack, we have developed the model of the

initial plastic zone under shear. The model describes the mechanism of crack’s propagation in an elastoplastic body. Near the

crack tip, the faces contact area and narrow plastic zone are formed in one of the composite materials, while the strongly

deformed zone of destructed material arises in the section adjacent to the area. Presence of the zones leads to the relative shear of

the tips of both crack’s faces. The sizes of plastic and destruction zones as well as the shear displacement of the crack faces at the

crack’s tip increase with the load facilitating that contributes to crack’s starting.
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