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COHESIVE MODEL OF THE PROCESS ZONE NEAR THE TIP OF A CRACK 
ORIGINATING FROM A CORNER POINT OF THE BROKEN INTERFACE 

A. O. Kamins’kyi,1  M. V. Dudyk,2  and  Yu. V. Reshitnyk3 UDC 539.375 

Within the framework of a cohesive model, we determine the parameters of the process zone in the bind-
ing material at the tip of an interface crack originating from the corner point of the broken interface of 
two different homogeneous isotropic materials.  The indicated zone is modeled by the line of discontinu-
ity of displacements where the stresses satisfy the Mises–Hill fracture criterion.  By the Mellin integral 
transformation, we reduce the problem to the Wiener–Hopf vector equation whose analytic solution is 
found by the method of successive approximations.  We deduce the equations for the length of the pro-
cess zone and the phase length of stresses in this zone, as well as the expression for the crack-tip open-
ing displacement.  Finally, we perform the numerical analysis of parameters of the process zone.  

Keywords: interface crack, process zone, cohesive model. 

Introduction 

The process of crack propagation on the interface of joined materials is one of the most probable causes of 
fractures of the composites.  Crack initiation is preceded by the formation of a process zone with nonlinear de-
pendence of the level of strains on stresses.  This zone is located on the continuation of a crack in the binding 
material.  Note that, in fracture mechanics, this phenomenon is described by an extensively developed cohesive 
model [12, 14, 15, 17–20].  According to this model, the process zone is represented in the form of a surface of 
discontinuity of displacements with given phenomenological relations between the forces of attraction of the 
crack faces and the distance between the faces specified on this surface.  The analyzed model is a formal analog 
of the Leonov–Panasyuk–Dugdale model [9, 10].   

The nonlinear character of the determining equations in the process zone explains the necessity of investiga-
tion of cohesive models mainly by using numerical methods.  However, in the case of small-scale process zones, 
it might be possible to perform analytic evaluation of their parameters with the help of the Wiener–Hopf method 
[8].  In this case, external loads are taken into account by means of asymptotic matching of the solutions in the 
formulation of the conditions at infinity.  Various specific features of realization of this method under the condi-
tions of plane deformation are demonstrated by the evaluation of the parameters of interface and lateral small-
scale process zones in the vicinities of interface cracks formed in piecewise-homogeneous bodies within the 
framework of the Leonov–Panasyuk–Dugdale model in which the transition of the material into the prefracture 
state is determined by the Tresca–Saint-Venant condition [3–6].   

By using the cohesive model and the Mises–Hill fracture condition for stresses, the exact analytic solution  
                                                        
1 S. Timoshenko Institute of Mechanics, National Academy of Sciences of Ukraine, Kyiv, Ukraine. 
2 P. Tychyna Uman State Pedagogical University, Uman, Ukraine; e-mail: dudik_m@hotmail.com. 
3 P. Tychyna Uman State Pedagogical University, Uman, Ukraine. 

 
Translated from Matematychni Metody ta Fizyko-Mekhanichni Polya, Vol. 62, No. 4, pp. 112–123, October–December, 2019.  Original 
article submitted August 21, 2019. 

474  1072-3374/22/2653–0474      ©  2022    Springer Nature Switzerland AG  

DOI 10.1007/s10958-022-06065-7



COHESIVE MODEL OF THE PROCESS ZONE NEAR THE TIP OF A CRACK ORIGINATING FROM A CORNER POINT  475 

 

Fig. 1.  Schematic diagram of the problem. 

of the problem of formation of a small-scale process zone in the binding material near the tip of a crack located 
on the plane interface of two different homogeneous isotropic materials was obtained in [2].   

In the present work, we consider a similar problem for an interface crack originating from a corner point of 
the broken interface of materials.  By using the Mellin integral transformation, we reduce the problem to the 
Wiener–Hopf vector equation, which is solved by the method of successive approximations.  As the basis ap-
proximation, we use the solution of the problem with plane interface for a partial case studied in [2].  We deduce 
equations for the length of the process zone, for the phase angle of stresses in this zone, and for the crack-tip 
opening displacements.  

1.  Statement of the Problem 

Under the conditions of plane deformation, we consider the problem of evaluation of the parameters of a 
small-scale process zone formed in the binding material near the tip of an interface crack originating from a cor-
ner point of the broken interface of two elastic homogeneous isotropic materials with Young's moduli  E1  and  
E2   and Poisson’s ratios  ν1  and  ν2,  respectively.  In view of the anisotropy of the characteristics of binding 
material in the process zone typical of the cohesive models, by neglecting the thickness of the interlayer of bind-
ing material, we simulate the process zone by the line of discontinuity of displacements.   On this line, the nor-
mal and tangential stresses satisfy the Mises–Hill criterion 

 σθ
σ0

⎛
⎝⎜

⎞
⎠⎟
2

+ τrθ
τ0

⎛
⎝⎜

⎞
⎠⎟
2

= 1, (1) 

where  σ0   and  τ0  are the tensile strength and the shear resistances of the binding material experimentally de-
termined as the mean values of the normal and tangential stresses in the process zone for the corresponding load-
ing mode. 

Assume that the length of the small-scale process zone   ℓ   is much smaller than the crack length  L   and the 
other typical sizes of the body.  If we study the stress-strain state in a vicinity of this zone, then it is possible to 
reduce the original problem to the problem of analysis of a discontinuity line of finite length propagating from 
the tip of a semiinfinite interface crack in a piecewise homogeneous plane along the interface of two different 
elastic materials (Fig. 1).   
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We formulate the condition at infinity as the requirement of joining of the required solution at distances  
  ℓ≪ r≪ L   with the known solution of a similar problem of the theory of elasticity in the absence of discontinui-
ty lines obtained in [3, 4]. 

Suppose that the crack faces are free of stresses.  Thus, in view of condition (1), we arrive at the static 
boundary-value problem of the theory of elasticity with the following boundary conditions: 

  θ = −α∪ 2π − α :    σθ = τrθ = 0 , (2) 

 θ = 0:    σθ = τrθ = 0 , (3) 

 θ = 0,     r < ℓ :    σθ = σ0 cosψ(r) ,      τrθ = τ0 sinψ(r),  

 θ = 0 ,     r > ℓ :    uθ = ur = 0 , (4) 

 θ = 0 ,    r → ∞ :    
 
σθ ∼ CiFσ (α, λi )

i
∑ rλi ,      

 
τrθ ∼ CiFτ (α, λi )

i
∑ rλi . (5) 

Here,  f   is a jump of the quantity  f   on the interface;  ψ(r)  is the phase angle of stresses in the process 
zone (in what follows, we assume that it is constant and equal to the mean value  ψ );  Fτ (α, λ)   and  Fσ (α, λ)  
are known functions from the works [3, 4], respectively;  Ci   are arbitrary constants characterizing the intensity 
of external loading and regarded as known (by condition), and the exponents of the singularities of stresses in 
the vicinity of the crack tip  λi ,  −1< Re λi < 0 ,  are the roots of the characteristic equation for a similar prob-
lem in the absence of the process zone [3, 4]:  

 D(λ) = 0 ,  

where 

 D(λ) = −(1+ κ1)
2 t1 − 4(1+ κ1)(e−1)t1t2 − e2(1+ κ2 )

2 t3  

  + 4(e−1)2 t1t3 + 4e(1+ κ2 )(e−1)t3t4 + 2e(1+ κ2 )(1+ κ1)t5 ,  

 t1 = (λ +1)2 sin2 α − sin2(λ +1)α ,      t2 = sin2(λ +1)(2π −α),  

 t3 = (λ +1)2 sin2 α − sin2(λ +1)(2π −α) ,  

 t4 = sin2(λ +1)α ,      t5 = t1 + sin (λ +1)α sin 2λπ cos (λ +1)(2π −α),  

 e = 1+ ν2
1+ ν1

⋅ E1
E2

,      κ1(2) = 3 − 4ν1(2).  

At the end of the process zone, we observe the realization of asymptotics corresponding to the singular part 
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of solution of the homogeneous boundary-value problem for a semiinfinite line of discontinuity of displacements 
on the rectilinear interface of two different elastic materials, which is similar to an interface crack.  In particular, 
we have the following asymptotics for stresses [16]:  

  r → ℓ + 0 ,      
  
σθ(r, 0) + iτrθ(r, 0) ∼

k
2π

(r − ℓ)−0.5+iω , (6) 

where   

 ω = 1
2π

ln 1−β
1+β

,      β = (1+ eκ2 )− (e+ κ1)
(1+ eκ2 )+ (e+ κ1)

   

is the Dundurs parameter, and  k = k1 + ik2  is the local stress intensity factor (SIF) at the end of the zone. 
We seek the solution of the posed boundary-value problem in the form of a sum of solutions of two prob-

lems.  The first problem differs from the problem formulated above by the replacement of the first pair of condi-
tions in (4) by the following conditions: 

 θ = 0 ,     r < ℓ :    σθ = σ0 cosψ − CiFσ (α, λi )r
λi

i
∑ ,  

   (7) 
 τrθ = τ0 sinψ − CiFτ (α, λi )r

λi

i
∑ . 

 According to (5), this results in the decay of stresses at infinity as   o (1/r) .  The role of the second problem 
is played by a similar problem without discontinuity lines whose solution is known [3, 4].  Hence, our task is 
reduced to the solution of the first problem. 

2.  Solution of the Problem 

By applying the Mellin integral transformation to the equilibrium equations, condition of compatibility of 
deformations, Hooke’s law, boundary conditions (2) and (3), the second pair of conditions in (4), and conditions 
(7), we arrive at the Wiener–Hopf vector equation for the first problem in a strip containing the imaginary axis: 

  ΦΦ
+ (p) + F(p) = G(p)ΦΦ− (p) ,    −ε1 < Re p < ε2 , (8) 

where 

 
 

ΦΦ+ (p) =
σθ(ρℓ, 0)

τrθ(ρℓ, 0)
⎛
⎝⎜

⎞
⎠⎟
ρp dρ

1

∞

∫ ,      
 
F(p) =

F1(p)

F2(p)
⎛
⎝⎜

⎞
⎠⎟

,  

 
 
F1(p) = σ0 cosψ

p +1
− CiFσ (α, λi )ℓ

λi

p +1+ λii
∑ ,  
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F2(p) = τ0 sinψ

p +1
− CiFτ (α, λi )ℓ

λi

p +1+ λii
∑ ,  

 

 

ΦΦ− (p) = E1
4(1− ν1

2 )
∂
∂r

uθ
ur

⎛
⎝⎜

⎞
⎠⎟ θ=0

r=ρℓ

ρp dρ
0

1

∫ ,  

 
 
G(p) = − 1+ κ1

D(−1− p)
g11(p) 2g12(p)

2g21(p) g22(p)
⎛
⎝⎜

⎞
⎠⎟

,  

 g11(p) = e(1+ κ2 )d1(p) d6(p) − (1+ κ1)d2(p) d4 (p),  

 g12(p) = 2(1− e) d1(p) d2(p) + e(1+ κ2 ) d1(p) d8(p) − (1+ κ1) d2(p) d7(p),  

 g21(p) = e(1+ κ2 ) d1(p) d9(p) − 2(1− e) d1(p) d2(p) − (1+ κ1) d2(p) d5(p),  

 g22(p) = (1+ κ1) d2(p) d3(p) − e(1+ κ2 ) d1(p) d10(p),  

 d1(p) = p2 sin2α − sin2 p(2π −α) ,      d2(p) = p2 sin2α − sin2 pα ,  

 d3(p) = p sin 2α − sin 2p(2π −α),      d4 (p) = p sin 2α + sin 2p(2π −α),  

 d5(p) = p sin2α + sin2 p(2π −α),      d6(p) = p sin 2α − sin 2pα ,  

 d7(p) = p sin2α − sin2 p(2π −α) ,      d8(p) = p sin2α − sin2 pα ,  

 d9(p) = p sin2α + sin2 pα,      d10(p) = p sin 2α + sin 2pα   

(ε1  and  ε2  are sufficiently small positive numbers).  
The solution of Eq. (8) includes the factorization of the matrix   G(p),  i.e., its representation in the form of 

the product of two matrices   G
+(p)   and  G− (p)    analytic in the half planes  Re p < ε2   and  Re p > − ε1,  re-

spectively.  However, the matrix  G(p)   cannot be attributed to any known type admitting the exact factorization 
in the closed analytic form [21].  Therefore, it is assumed that this matrix can be decomposed into two matrices 
such that one of them admits the exact factorization, while the second one is supposed to be small as compared 
with the first matrix in the domain of validity of Eq. (8): 

  G(p) = G0(p) + ′G (p),        G0(p) ≫ ′G (p) ,    −ε1 < Re p < ε2 . (9) 

As   G0(p) ,  we choose the matrix   G(p)  obtained for the plane interface [2]: 
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  G0(p) = G(p) α=π = −A ⋅ tan pπG(p)Q(p), (10) 

where 

 G(p) = 4(e+ κ1)(1+ eκ2 ) cos
2 pπ

(e+ κ1)
2 + (1+ eκ2 )

2 + 2(e+ κ1)(1+ eκ2 ) cos 2pπ
,  

 A = (1+ κ1)(1+ κ1 + e(1+ κ2 ))
2(e+ κ1)(1+ eκ2 )

,      Q(p) = I + g(p)J ,      J =
0 −i

i 0
⎛
⎝⎜

⎞
⎠⎟

.  

Here,  I   is the identity matrix and  g(p) = iβ tan pπ.  The factorization of the matrix   Q(p)   is carried out on the 
imaginary axis according to the Khrapkov formulas [13]: 

 Q(p) = Q+ (p)Q− (p) ,      Re p = 0 ,  
   (11) 

  Q
± (p) = r± (p)[cosh θ± (p)I+ sinh θ± (p)J], 

where 

 
 
r± (p) = (1−β2)1/4 exp ± i

4π
ln H1(t)
t + ip

dt
−∞

∞

∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
,      H1(t) = 1−β2 tanh2 πt

1−β2 ,  

 θ± (p) = ± p
2π

H2(t)
t + ip

dt
−∞

∞

∫ ,      H2(t) = artanh(β ⋅ tanh πt)
t

.  

Here,  Q+ (p)  and  Q− (p)  are matrices analytic in the half planes  Rep < 0   and  Rep > 0 ,  respectively.  The 
scalar coefficients of the matrix   G0(p)   can be factorized as follows [1, 8]: 

 G(p) = G+ (p)
G− (p)

,      Rep = 0 ,  

 exp 1
2πi

lnG(z)
z − p

dz
−i∞

+i∞

∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
=

G+ (p), Re p < 0,

G− (p), Re p > 0,

⎧
⎨
⎪

⎩⎪
  (12) 

 
  
tan pπ = p

KK + (p)KK − (p)
,      

   
KK ± (p) = Γ(1∓ p)

Γ(0.5 ∓ p)
 

(Γ(z)  is the Euler gamma-function).  Thus, we finally get the following factorization of the matrix   G0(p):  
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  G0(p) = G0
+(p)G0

− (p),      Re p = 0 , (13) 

where 

 
  
G0

+(p) = pG+ (p)
KK + (p)

Q+ (p) ,    Re p < 0,  

 
  
G0

− (p) = −A
G− (p) KK − (p)

Q− (p),    Re p < 0.  

By virtue of the assumptions made above, we can represent the solution of Eq. (8) in the form of expansion 
in powers of the matrix perturbation   ′G (p):  

  ΦΦ
± (p) = ΦΦ0

± (p) + ΦΦ1
± (p) + ΦΦ2

± (p) + …. (14) 

Thus, in view of relations (9)–(14), in the zero-order approximation, Eq. (8) is reduced to the equation 

    [G0
+ (p)]−1(ΦΦ0

+ (p)+F0(p)) = G0
− (p)ΦΦ0

− (p),    Re p = 0 , (15) 

where the exponent  −1  denotes the inverse matrix.  In view of the asymptotic relations (6), the solution of 
Eq. (15) obtained in [15] by using the Wiener–Hopf method [8] takes the form  

  ΦΦ0
+ (p) = −G0

+ (p)F0
+ (p),    Re p < 0,  

   (16) 
   ΦΦ0

− (p) = −[G0
− (p)]−1F0

− (p),    Re p > 0, 

where 

 
  
F0

+ (p) = 1
p +1

[G0
+ (p)]−1 − [G0

+ (−1)]−1( ) σ0 cosψ

τ0 sinψ
⎛
⎝⎜

⎞
⎠⎟

  

  – 
   

Ciℓ
λi

p +1+ λii
∑ [G0

+ (p)]−1 − [G0
+ (−1− λi )]

−1( ) Fσ (α, λi )

Fτ (α, λi )
⎛
⎝⎜

⎞
⎠⎟

,  

 
  
F0
− (p) = − [G0

+ (−1)]−1

p +1
σ0 cosψ

τ0 sinψ
⎛
⎝⎜

⎞
⎠⎟

  

  + 
   

Ciℓ
λi

p +1+ λii
∑ [G0

+ (−1− λi )]
−1 Fσ (α, λi )

Fτ (α, λi )
⎛
⎝⎜

⎞
⎠⎟

.  
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For the corrections  ΦΦ1
± (p)  in the first approximation, by using Eq. (8), we obtain  

  ΦΦ1
+ (p) = G0(p)ΦΦ1

− (p) + ′G (p)ΦΦ0
− (p),      Re p = 0 ,  

where the matrix perturbation   ′G (p)  is determined, according to (9), as the difference of the matrices   G(p) – 

 G0(p) .  We now introduce a vector function   F1(p) = − ′G (p)ΦΦ0
− (p).  Thus, with regard for the factorization 

(13) of the matrix   G0(p) ,  we arrive at the equation  

    [G0
+ (p)]−1(ΦΦ1

+ (p)+F1(p)) = G0
− (p)ΦΦ1

− (p),    Re p = 0 , (17) 

by analogy with (15).  Replacing    [G0
+ (p)]−1F1(p)  by the difference of the boundary values of the analytic vec-

tors 

   [G0
+ (p)]−1F1(p) = F1

+ (p) − F1
− (p), (18) 

where  

 
  

1
2πi

[G0
+ (z)]−1F1(z)

z − p
dz

−i∞

i∞

∫ =
F1
+ (p), Re p < 0,

F1
− (p), Re p > 0,

⎧
⎨
⎪

⎩⎪
  

we solve Eq. (17) by analogy with Eq. (15) according the Wiener–Hopf method [2].  As a result, we get the first-
order (in perturbation) correction to solution (16): 

  ΦΦ1
+ (p) = −G0

+ (p)F1
+ (p),    Re p < 0,  

   (19) 

   ΦΦ1
− (p) = −[G0

− (p)]−1F1
− (p),    Re p > 0. 

The next approximations are obtained from (17)–(19) by successive replacements   

 ΦΦi−1
± (p) → ΦΦi

± (p)    and     F1(p) → Fi (p) = − ′G (p)ΦΦi−1
− (p) ,   i = 2, 3,….   

As a result, we arrive at the general solution of Eq. (8): 

 
 
ΦΦ++ (p) = −G0

+ (p) Fn
+ (p)

n=0

∞

∑ ,    Re p < 0 ,  

   (20) 

 
  
ΦΦ−− (p) = −[G0

− (p)]−1 Fn
− (p)

n=0

∞

∑ ,    Re p > 0, 

where 
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Fn
± (p) = 1

2πi
[G0

+ (z)]−1 ′G (z)[G0
− (z)]−1Fn−1

− (z)
z − p

dz
−i∞

i∞

∫ .  

The condition of correctness of solution (20) is reduced to the condition of convergence of its series, i.e., to 
the validity of the inequalities  

 
Fn
± (p) < Fn−1

± (p) ,  which are equivalent to the following condition: 

 
  
[G0

+ (p)]−1 ′G (p)[G0
− (p)]−1 < 1. (21) 

3.  Determination of the Parameters of the Process Zone 

Solution (20) yields the following asymptotics:  

 
    
ΦΦ+ (p) ∼ − 1

− p
Q+ (p) [G0

+ (−1)]−1
σ0 cosψ

τ0 sinψ
⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎩

  

  – 
   

Ciℓ
λi[G0

+ (−1− λi )]
−1

i
∑

Fσ (α, λi )

Fτ (α, λi )
⎛
⎝⎜

⎞
⎠⎟

  

  + 
   

1
2πi

[G0
+ (z)]−1 Fn

+ (z) dz
n=0

∞

∑ ⎫
⎬
⎭−i∞

i∞

∫ ,       p→∞ .  

On the other hand, by the Abel-type theorem [8], it follows from relations (6) that 

 
  
Φ1
+ (p) + iΦ2

+ (p) ∼ k
−2pℓ

Γ(0.5 + iω)(− p)−iω ,    p→∞ .  

 Comparing these asymptotics, in view of the boundedness of stresses at the end of the process zone, which 
yields the condition  k = 0 ,  we arrive at the vector equation  

 
   
[G0

+ (−1)]−1
σ0 cosψ

τ0 sinψ
⎛
⎝⎜

⎞
⎠⎟
− Ciℓ

λi [G0
+ (−1− λi )]

−1 Fσ (α, λi )

Fτ (α, λi )
⎛
⎝⎜

⎞
⎠⎟i

∑   

  + 
   

1
2πi

[G0
+ (z)]−1 Fn (z)

n=1

∞

∑
−i∞

i∞

∫ dz = 0 .  

Passing to the scalar representation, we arrive at a transcendental equation for the length of the process zone 
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Ciℓ
λiKK + (−1− λi )

σ0(1+ λi )G
+ (−1− λi )

X1(λi )
i
∑⎛
⎝⎜

⎞
⎠⎟

2

  

  + 
   

Ciℓ
λiKK + (−1− λi )

τ0(1+ λi )G
+ (−1− λi )

X2(λi )
i
∑⎛
⎝⎜

⎞
⎠⎟

2

= 1 . 

Further, we can find the phase angle of stresses in this zone by the formula 

 

   

ψ = arctan
σ0

Ciℓ
λiKK + (−1− λi )

(1+ λi )G
+ (−1− λi )

X2(λi )
i
∑

τ0
Ciℓ

λiKK + (−1− λi )
(1+ λi )G

+ (−1− λi )
X1(λi )

i
∑

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

.  

Here,  

 
  

X1(λ)

X2(λ)
⎛
⎝⎜

⎞
⎠⎟
= M0

−1 I − 1
2πi

[G0
+ (z)]−1 ′G (z)[G0

− (z)]−1

z +1+ λ
dz

−i∞

i∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
  

  × 
  
[Q+(−1− λ)]−1

Fσ (α, λ)

Fτ (α, λ)
⎛
⎝⎜

⎞
⎠⎟

,  

 
    
M0 = KK + (−1)

G+ (−1)
I − 1

2πi
[G0

+ (z)]−1 ′G (z)[G0
− (z)]−1

z +1
dz

−i∞

i∞

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
[Q+(−1)]−1.  

By using the definition of the vector  ΦΦ− (p)  in (8), we obtain the components of the jump of displacements 
at the crack tip in the following form: 

 
 
u(0, 0) = −

4 1− ν1
2( )

E1
ΦΦ− (0) =

4 1− ν1
2( )

E1
[G0

− (0)]−1 Fn
− (0)

n=0

∞

∑ .  

This formula enables us to find the jumps of normal and tangential displacements in the process zone, which can 
be used to determine the ultimate load according to the following condition accepted in the model of cohesive 
zone [14, 20]: 

 uθ(0, 0)
δn

⎛
⎝⎜

⎞
⎠⎟
2

+ ur (0, 0)
δτ

⎛
⎝⎜

⎞
⎠⎟
2

= 1.  

Here,  δn   and  δτ  are, respectively, the critical values of the quantities whose attainment leads to the onset of 
crack propagation in the cases of pure tensile or shear strains formed in this zone. 
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4.  Analysis of the Results 

The numerical realization of the obtained solution of the problem with regard for the high-order approxima-
tions is complicated by increase in the multiplicity of Cauchy-type integrals in (20).  Therefore, it is necessary to 
restrict ourselves to a relatively small number of terms used in calculations by replacing condition (21) with the 
following severer condition for the matrix perturbation: 

 
   
[G0

+ (p)]−1 ′G (p)[G0
− (p)]−1 ≪ 1.  

In this connection, we expect to get the highest efficiency of approximate solution of the problem of determina-
tion of the small-scale process zone for the kink angles of the interface of materials  α   that are close to  

 α0 = 180!.  This angle corresponds to the zero-order approximation (10) for the matrix coefficient of the Wie-
ner–Hopf equation (8).  As shown in [3], the stress-strain state formed near the interface crack tip for the indi-
cated kink angles is determined by two complex-conjugate singularity exponents  λ1 = λ2 = λr + iλm   and by 
the complex stress intensity factor  K = K1 + iK2   appearing in the coefficients of expansions in (5):   

 C1 = C2 = KL−iλm

2π
. 

Therefore, if we consider only small deviations of the shape of interface from the plane surface, then, as in [3], 
we specify the external load by the dimensionless parameter   

 σ = K Lλr

2π σ0
   

and the phase angle of a load   

 ϕ = arctan K2
K1

. 

The results of numerical evaluation of the parameters of the process zone in the first approximation are 
shown in Figs. 2–5.  The relative length   

 
 
x = ℓ

L
 

is presented in Figs. 2a–5a, the phase angle  ψ  of stresses in the process zone is depicted in Figs. 2b–5b, and the 
crack opening displacement 

 δ ′u = δu1(0, 0)
L

E1
4(1− ν1

2 )
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 (a) (b) (c) 

Fig. 2.  Dependences of the parameters of the process zone on the kink angle  α.  

      
 (a) (b) (c) 

Fig. 3.  Dependences of the parameters of the process zone on the dimensionless parameter of loading  σ.  

     
 (a) (b) (c) 

Fig. 4.  Dependences of the parameters of the process zone on the phase angle  ϕ  of external loading.  
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 (a) (b) (c) 

Fig. 5. Dependences of the parameters of the process zone on the ratio  n  of tensile and shear strengths of the binding material. 

in displayed Figs. 2c–5c. All calculations were carried out for  E1/E2 = 0.5, ν1 = ν2 = 0.3. We denote the 
ratio of the tensile and shear strengths of the binding material by   

 n = σ0
τ0

.  

According to Fig. 2, the parameters of the process zone depend on the kink angle of the interface of materi-
als  α   and deviate from the values corresponding to the plane boundary both to the side of higher values and to 
the side of lower values.   

The length of the process zone  x   nonlinearly increases with the external load specified by the dimension-
less parameter  σ  (Fig. 3a).  The dependence of the phase angle  ψ   of stresses in the zone on  σ  is less pro-
nounced but also slowly increases with the absolute value of the load (Fig. 3b).  The crack-tip opening dis-
placement in the process zone  δ ′u   weakly depends on the dimensionless parameter of loading  σ  (Fig. 3c). 

In Fig. 4, we present the dependences of the parameters of the process zone on the phase angle of external 
loading  ϕ.  According to Fig. 4a, for a more plastic binding material  n >1( ) ,  the length of the zone first some-
what decreases as the phase angle of external loading increases, attains the minimum value, then increases, at-
tains the maximum value, and again decreases.  For a brittler binding material  n <1( ) ,  the length of the zone 
increases with the phase angle of external loading, attains its maximum value, then decreases, attains the mini-
mum value, and again increases.  The phase angle of stresses in the process zone first increases simultaneously 
with the phase angle of external loading (Fig. 4b) but remains lower than the latter, then takes a negative value 
as a result of a jump, and finally, increases.  The jump is caused by the change in the sign of tangential stresses 
in the process zone.  The behavior of the crack-tip opening displacement as a function of the phase angle of 
loading turns out to be opposite as compared with the behavior of the length (Fig. 4c).   

The parameters of the process zone are strongly affected by the ratio of the tensile and shear strengths of the 
binding material   n = σ0/τ0 .  As follows from Fig. 5a, the length of the process zone increases with tensile 
strength for the constant parameter of loading.  The phase angle of stresses in the zone for  ϕ ≤ 0   is negative 
and rapidly decreases as  n   increases.  At the same time, for  ϕ > 0 ,  it is positive and increases with  n   
(Fig. 5b).  According to Fig. 5c, the crack-tip opening displacement decreases as the tensile strength increases 
for the constant parameter of loading. 
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As a result of the Mellin inverse transformation of the transforms of stresses determined in solving the prob-
lem and applying the residue theorem, we can find the expansion of stresses in asymptotic series in the vicinity 
of the crack tip after the formation of the process zone.  The principal terms of the expansion are determined by 
poles of the matrix coefficient   G(p)  of Eq. (8) within the interval −1 < Re p < 0 .  These poles correspond to 
the zeros of the function  D(−1− p)  in the same interval.  According to the statement of the problem, these ze-
ros determine the exponents of singularity of the stresses near the crack tip in the absence of the process zone.  
As already indicated, the equation  D(−1− p) = 0   has complex roots for the kink angles close to  α0 = 180°.  
Thus, unlike the available models of the process zone with discontinuity of a single component of displacements 
and the Tresca–Saint-Venant prefracture condition [3–6], in the analyzed cohesive model with the Mises–Hill 
condition, the formation of the process zone does not change the initial oscillatory character of singularity at the 
crack tip.  This result is a consequence of the assumption accepted in the cohesive model about the discontinuity 
of both normal and tangential displacements.  This makes the process zone similar to an interface crack whose 
faces suffer the action of constant tensile and shear forces.  To remove the space oscillations of displacements 
and stresses in the vicinity of the corner point, it is necessary to take into account some additional factors affect-
ing the stress-strain state near the crack tip.  Thus, in particular, it is necessary to take into account the effect of 
contact of the faces and the formation of the domain of destruction of the material in the immediate vicinity of 
the corner point.  The indicated domain should be characterized by the elevated level of strains in agreement 
with the complex model of interface cracks [7, 11].   

  CONCLUSIONS 

By using the Wiener–Hopf method, we construct an approximate analytic solution of the problem of finding 
the parameters of a small-scale process zone in the binding material at the end of an interface crack originating 
from the corner point of the broken interface of two different homogeneous isotropic materials.  The solution is 
constructed under the conditions of plane deformation within the framework of the Leonov–Panasyuk–Dugdale 
model and by using elements of the cohesive model.  We deduce the equation for the length of the zone and the 
parameter of mixing of the modes of stresses in the zone, as well as the formulas for the crack-tip opening dis-
placements.  The possibility of application of these formulas to the determination of the ultimate loads in mixed 
loading modes is demonstrated.  We also perform the numerical analyzes of parameters of the process zone and 
the qualitative analysis of their dependences on the kink angle in the interface of materials, external loads, and 
the characteristics of the binding material.  
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